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Announcements

Made some fixes to HW1. It is due a 
week and a half from now (Thurs next 

week)



Last Classs: Hydrostatic Balance

For quiescent atmospheric conditions, 
the atmosphere is maintained in place by 
a balance between the downward 
gravitational force and the upward 
pressure gradient force. 

ρg ≃ −
∂p
∂z

Using ideal gas law we can obtain profiles 
for how pressure changes with height

pα = RdTv



Hydrostatic balance over the ocean

We can solve the hydrostatic equation to 
obtain the following:

p = p0 + ρ0gz

ρ = ρ0 [1 − βT (T − T0) + βs (S − S0) + βp (p − p0)]
is usually measured in conjunction with other
seawater properties such as temperature,
salinity, and current speeds. The properties are
often presented as a function of pressure rather
than depth.

Horizontal pressure gradients drive the hori-
zontal flows in the ocean. For large-scale
currents (of horizontal scale greater than a kilo-
meter), the horizontal flows are much stronger
than their associated vertical flows and are
usually geostrophic (Chapter 7). The horizontal
pressure differences that drive the ocean
currents are on the order of one decibar over
hundreds or thousands of kilometers. This is
much smaller than the vertical pressure
gradient, but the latter is balanced by the down-
ward force of gravity and does not drive a flow.
Horizontal variations in mass distribution
create the horizontal variation in pressure in
the ocean. The pressure is greater where the
water column above a given depth is heavier
either because it is higher density or because it
is thicker or both.

Pressure is usually measured with an elec-
tronic instrument called a transducer. The accu-
racy and precision of pressure measurements
is high enough that other properties such as
temperature, salinity, current speeds, and so
forth can be displayed as a function of pressure.
However, the accuracy, about 3 dbar at depth, is
not sufficient to measure the horizontal pressure
gradients. Therefore other methods, such as the
geostrophic method, or direct velocity measure-
ments, must be used to determine the actual
flow. Prior to the 1960s and 1970s, pressure
was measured using a pair of mercury ther-
mometers, one of which was in a vacuum
(“protected” by a glass case) and not affected
by pressure while the other was exposed to the
water (“unprotected”) and affected by pressure,
as described in the following section. More
information about these instruments and
methods is provided in Section S6.3 of the
supplementary materials on the textbook Web
site.

TABLE 3.1 Comparison of Pressure (dbar) and Depth
(m) at Standard Oceanographic Depths
Using the UNESCO (1983) Algorithms

Pressure (dbar) Depth (m) Difference (%)

0 0 0

100 99 1

200 198 1

300 297 1

500 495 1

1000 990 1

1500 1453 1.1

2000 1975 1.3

3000 2956 1.5

4000 3932 1.7

5000 4904 1.9

6000 5872 2.1

Percent difference ¼ (pressure " depth)/pressure # 100%.
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FIGURE 3.2 The relation between depth and pressure,
using a station in the northwest Pacific at 41$ 53’N, 146$

18’W.

PRESSURE 31

To a good approximation we can treat 
seawater as incompresible

ρ ≃ ρ0

The ocean equation of state is:



Example

For an isothermal atmosphere, can easily 
solve the differential equation to obtain

p ≃ p0 exp (−
gz

RdTv )

1.3 A Brief Survey of the Atmosphere 9

Although aerosols and cloud droplets account for
only a minute fraction of the mass of the atmos-
phere, they mediate the condensation of water vapor
in the atmospheric branch of the hydrologic cycle,
they participate in and serve as sites for important
chemical reactions, and they give rise to electrical
charge separation and a variety of atmospheric opti-
cal effects.

1.3.4 Vertical structure

To within a few percent, the density of air at sea level
is 1.25 kg m!3. Pressure p and density " decrease
nearly exponentially with height, i.e.,

(1.8)

where H, the e-folding depth, is referred to as the
scale height and p0 is the pressure at some reference
level, which is usually taken as sea level (z # 0). In
the lowest 100 km of the atmosphere, the scale height
ranges roughly from 7 to 8 km. Dividing Eq. (1.8) by
p0 and taking the natural logarithms yields

(1.9)

This relationship is useful for estimating the height of
various pressure levels in the Earth’s atmosphere.

Exercise 1.2 At approximately what height above
sea level does half the mass of the atmosphere lie
above and the other half lie below? [Hint: Assume
an exponential pressure dependence with H # 8 km
and neglect the small vertical variation of g with
height.]

Solution: Let be the pressure level that half
the mass of the atmosphere lies above and half lies
below. The pressure at the Earth’s surface is equal
to the weight (per unit area) of the overlying col-
umn of air. The same is true of the pressure at
any level in the atmosphere. Hence,
where is the global-mean sea-level pressure.
From Eq. (1.9)

Substituting H # 8 km, we obtain

zm # 8 km $ 0.693 !  5.5 km

zm # !H ln 0.5 # H ln 2

p0

pm # p0 /2

pm

zm

ln 
p
p0

" !
z
H

p " p0e!z#H

Because the pressure at a given height in the
atmosphere is a measure of the mass that lies above
that level, it is sometimes used as a vertical coordi-
nate in lieu of height. In terms of mass, the 500-hPa
level, situated at a height of around 5.5 km above
sea level, is roughly halfway up to the top the
atmosphere. !

Density decreases with height in the same manner
as pressure. These vertical variations in pressure and
density are much larger than the corresponding hori-
zontal and time variations. Hence it is useful to
define a standard atmosphere, which represents the
horizontally and temporally averaged structure of
the atmosphere as a function of height only, as shown
in Fig. 1.8. The nearly exponential height dependence
of pressure and density can be inferred from the fact
that the observed vertical profiles of pressure and
density on these semilog plots closely resemble
straight lines. The reader is invited to verify in
Exercise 1.14 at the end of this chapter that the cor-
responding 10-folding depth for pressure and density
is !17 km.

Exercise 1.3 Assuming an exponential pressure
and density dependence with H # 7.5 km, estimate
the heights in the atmosphere at which (a) the air
density is equal to 1 kg m!3 and (b) the height at
which the pressure is equal to 1 hPa.
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Fig. 1.8 Vertical profiles of pressure in units of hPa, density
in units of kg m!3, and mean free path (in meters) for the
U.S. Standard Atmosphere.

Wallace and Hobbs (2006)

Tv Mean virtual temperature of troposphere
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Today

Discuss other applications of 
hydrostatic equation. 


Discuss soundings and Skew-T’s
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Supplementary reading

Petty 

Sections 1.4.3, 1.4.4, 4.2.5 and 4.3


Wallace and Hobbs 

Section 3.2.2-3.2.4



Hypsometric equation

Which we can simplify by replacing the virtual temperature with its layer mean value to 
obtain 

70 Atmospheric Thermodynamics

Above the turbopause the vertical distribution of
gases is largely controlled by molecular diffusion and
a scale height may then be defined for each of the
individual gases in air. Because for each gas the scale
height is proportional to the gas constant for a unit
mass of the gas, which varies inversely as the molecu-
lar weight of the gas [see, for example (3.13)], the
pressures (and densities) of heavier gases fall off
more rapidly with height above the turbopause than
those of lighter gases.

Exercise 3.2 If the ratio of the number density of
oxygen atoms to the number density of hydrogen
atoms at a geopotential height of 200 km above the
Earth’s surface is 105, calculate the ratio of the num-
ber densities of these two constituents at a geopoten-
tial height of 1400 km. Assume an isothermal
atmosphere between 200 and 1400 km with a tem-
perature of 2000 K.

Solution: At these altitudes, the distribution of
the individual gases is determined by diffusion and
therefore by (3.26). Also, at constant temperature,
the ratio of the number densities of two gases is
equal to the ratio of their pressures. From (3.26)

From the definition of scale height (3.27) and analo-
gous expressions to (3.11) for oxygen and hydrogen
atoms and the fact that the atomic weights of oxygen
and hydrogen are 16 and 1, respectively, we have at
2000 K

and

 ! 1.695 " 106 m

Hhyd !
1000R*

1
  
2000
9.81

 m ! 8.3145  
2 " 106

9.81
 m

 ! 0.106 " 106 m

Hoxy !
1000R*

16
  
2000
9.81

 m !
8.3145

16
  
2 " 106

9.81
 m

 ! 105 exp !#1200 km " 1
Hoxy

#
1

Hhyd
#$

!
(p200 km)oxy exp[#1200 km%Hoxy (km)]
(p200 km)hyd exp[#1200 km%Hhyd (km)]

(p1400 km)oxy

(p1400 km)hyd

Therefore,

and

Hence, the ratio of the number densities of oxygen to
hydrogen atoms at a geopotential height of 1400 km
is 2.5. !

The temperature of the atmosphere generally
varies with height and the virtual temeprature
correction cannot always be neglected. In this more
general case (3.24) may be integrated if we define
a mean virtual temperature with respect to p as
shown in Fig. 3.2. That is,

(3.28)

Then, from (3.24) and (3.28),

(3.29)

Equation (3.29) is called the hypsometric equation.

Exercise 3.3 Calculate the geopotential height of
the 1000-hPa pressure surface when the pressure at
sea level is 1014 hPa. The scale height of the atmos-
phere may be taken as 8 km.

Z2 # Z1 ! H ln "p1

p2
# !

RdTv

!0
 ln "p1

p2
#

Tv #
&p1

p2

Tv d(ln p)

&p1

p2

d(ln p)
!
&p1

p2

Tv 
dp
p

ln "p1

p2
#

Tv

(p1400 km)oxy

(p1400 km)hyd
! 105 exp (#10.6) ! 2.5

 ! 8.84 " 10#3 km#1

1
Hoxy

#
1

Hhyd
 ! 8.84 " 10#6 m#1

Virtual temperature, Tv (K) 

From radiosonde
data

A B

C

E
D

Tv

ln p1

ln p2

ln
 p

Fig. 3.2 Vertical profile, or sounding, of virtual temperature.
If area ABC ! area CDE, is the mean virtual temperature
with respect to ln p between the pressure levels p1 and p2.

Tv

3.2 The Hydrostatic Equation 69

The geopotential !(z) at height z is thus given by

(3.21)

where the geopotential !(0) at sea level (z " 0) has, by
convention, been taken as zero. The geopotential at a
particular point in the atmosphere depends only on the
height of that point and not on the path through which
the unit mass is taken in reaching that point. The work
done in taking a mass of 1 kg from point A with geopo-
tential !A to point B with geopotential !B is !B # !A.

We can also define a quantity called the geopoten-
tial height Z as

(3.22)

where !0 is the globally averaged acceleration due to
gravity at the Earth’s surface (taken as 9.81 m s#2).
Geopotential height is used as the vertical coordinate
in most atmospheric applications in which energy
plays an important role (e.g., in large-scale atmos-
pheric motions). It can be seen from Table 3.1 that
the values of z and Z are almost the same in the
lower atmosphere where !0 ! !.

In meteorological practice it is not convenient to
deal with the density of a gas, $, the value of which is
generally not measured. By making use of (3.2) or
(3.15) to eliminate $ in (3.17), we obtain

Rearranging the last expression and using (3.20)
yields

(3.23)d! " ! dz " #RT
dp
p

" #RdTv
dp
p

%p
%z

" #
pg
RT

" #
pg

RdTv

Z " 
!(z)

!0
"  

1
!0
#z

0
!dz

!(z) " #z

0

!dz

If we now integrate between pressure levels p1 and
p2, with geopotentials !1 and !2, respectively,

or

Dividing both sides of the last equation by !0 and
reversing the limits of integration yields

(3.24)

This difference Z2 # Z1 is referred to as the (geopo-
tential) thickness of the layer between pressure levels
p1 and p2.

3.2.2 Scale Height and the Hypsometric
Equation

For an isothermal atmosphere (i.e., temperature
constant with height), if the virtual temperature
correction is neglected, (3.24) becomes

(3.25)

or

(3.26)

where

(3.27)

H is the scale height as discussed in Section 1.3.4.
Because the atmosphere is well mixed below the

turbopause (about 105 km), the pressures and den-
sities of the individual gases decrease with altitude
at the same rate and with a scale height propor-
tional to the gas constant R (and therefore
inversely proportional to the apparent molecular
weight of the mixture). If we take a value for Tv of
255 K (the approximate mean value for the tropo-
sphere and stratosphere), the scale height H for
air in the atmosphere is found from (3.27) to be
about 7.5 km.

H " RT
!0

" 29.3T

p2 " p1 exp$#
(Z2 # Z1)

H %

Z2 # Z1 " H ln(p1&p2)

Z2 # Z1 "
Rd

!0
 #p1

p2

Tv
dp

p

!
2

# !
1

" #Rd #p2

p1

Tv
dp

p

#!2

!1

d! " ##p2

p1

RdTv 
dp

p

Table 3.1 Values of geopotential height (Z) and acceleration
due to gravity (!) at 40° latitude for geometric height (z)

z (km) Z (km) ! (m s!2)

0 0 9.81

1 1.00 9.80

10 9.99 9.77

100 98.47 9.50

500 463.6 8.43

For smaller layers of the atmosphere, we can also solve the hydrostatic equation to 
obtain the “thickness” equation

Which is known as the hypsometric equation.



Hypsometric equation

Isobaric surface

Isobaric surface

Because of hydrostatic 
balance, pressure always 
decreases with height. 


Pressure is often used as a 
vertical coordinate because 
of this fact. 


An isobaric surface is a 
surface of constant 
pressure.



Isobaric surfaces

A map in isobaric 
coordinates can show the 
“height” in which the 
pressure surface occurs. 


See HW1, problem 5 to 
think about why this height 
can be different.



What about a more realistic atmosphere?
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The isothermal atmosphere shows an 
exponential decrease in pressure with 
height. 


However, temperature decreases 
quasi-linearly in the atmosphere. 


Let’s examine a more realistic profile. 



What about a more realistic atmosphere?

Is called the lapse rate, assumed 
constant for now. 

Tv ≃ T0 − Γz

p = p0 ( Tv

T0 )
g

RdΓ

Let’s assume that the temperature decreases 
linearly with height

Γ =
∂T
∂z

We can solve the hydrostatic equation to obtain:
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What about a more realistic atmosphere?

p = p0 = ( T
T0 )

g
RdΓ

The figure on the right compares the two formulas for 
some realistic parameters 
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p ≃ p0 exp (−
gz

RdTv )

They’re pretty similar, right? 


Why is that?

Γ = 6.5 K/km H = 8 km

T0 = 300 K p0 = 1013 hPa



Soundings

Some of the most reliable 
observations of the 
atmosphere come from 
radiosondes (or rawinsondes). 


Radiosonde observations are 
obtained by mounting the 
instrument on a latex balloon. 

Petty (2008)



Soundings

Radiosondes measure pressure, temperature 
and humidity.


When a radiosonde is tracked so that winds 
are estimated, it is called a rawinsonde 
observation. 


Most stations around the world take 
rawinsonde observations. We just call them all 
radiosondes cause who cares. 



Soundings

Soundings can be displayed graphically in 
terms of an emagram.


Temperature is shown in the x-axis (the 
abscissa).


Pressure is shown in a logarithmic scale in 
the y-axis (the ordinate). 


Why is it shown in a log-scale?

Petty (2008)



Soundings
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SkewT-LogP diagram

A SkewT-LogP diagram rotates the 
temperature from being vertical (like 
the emagram) to being shown as a 
slanted line. 


The rotation is such that a vertical 
line in the diagram shows a lapse 
rate of 6.5 K/km, a typical profile of 
the atmosphere. 



Comparison



More on Skew-Ts

As we move forward, we will include more 
complexity into the Skew-T. A typical Skew-
T diagram is shown on the right.


Lines include:

Temperature

Dew point (not discussed yet)


Other lines shown

Mixing ratio

Dry adiabatic lapse rate (discussed soon)

Moist adiabatic lapse rate (discussed later)



Stuves and SkewT

A Stuve is like an emagram but with more stuf



Skew-T a week #1

Download two Skew-T diagrams from two different locations (recommend far away from 
each other).


1. Discuss the temperature profiles in them. 


2. What kind of lapse rate do you see?


3. What can we say about temperature profiles in the atmosphere?


Attach the soundings and discussion of the three points above and upload it to Canvas. 
It is due one week from today (next Tuesday)


Useful Links:

https://www.aos.wisc.edu/weather/wx_obs/Soundings.html

http://weather.uwyo.edu/upperair/sounding.html


