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Last class

Concept of a “parcel”: a volume of air 


Large enough to make continuum 
assumptions (length scale large 
compared to the molecular mean free 
path).


Small enough to neglect the effects of  
(and feedback to) dynamics (e.g., 
advection).


For the purposes of thermodynamics, we 
consider this a “closed system” (for now).


O(10 meters) 9

System

Environment
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Atmospheric profile of density and pressure

1.3 A Brief Survey of the Atmosphere 9

Although aerosols and cloud droplets account for
only a minute fraction of the mass of the atmos-
phere, they mediate the condensation of water vapor
in the atmospheric branch of the hydrologic cycle,
they participate in and serve as sites for important
chemical reactions, and they give rise to electrical
charge separation and a variety of atmospheric opti-
cal effects.

1.3.4 Vertical structure

To within a few percent, the density of air at sea level
is 1.25 kg m!3. Pressure p and density " decrease
nearly exponentially with height, i.e.,

(1.8)

where H, the e-folding depth, is referred to as the
scale height and p0 is the pressure at some reference
level, which is usually taken as sea level (z # 0). In
the lowest 100 km of the atmosphere, the scale height
ranges roughly from 7 to 8 km. Dividing Eq. (1.8) by
p0 and taking the natural logarithms yields

(1.9)

This relationship is useful for estimating the height of
various pressure levels in the Earth’s atmosphere.

Exercise 1.2 At approximately what height above
sea level does half the mass of the atmosphere lie
above and the other half lie below? [Hint: Assume
an exponential pressure dependence with H # 8 km
and neglect the small vertical variation of g with
height.]

Solution: Let be the pressure level that half
the mass of the atmosphere lies above and half lies
below. The pressure at the Earth’s surface is equal
to the weight (per unit area) of the overlying col-
umn of air. The same is true of the pressure at
any level in the atmosphere. Hence,
where is the global-mean sea-level pressure.
From Eq. (1.9)

Substituting H # 8 km, we obtain

zm # 8 km $ 0.693 !  5.5 km

zm # !H ln 0.5 # H ln 2

p0

pm # p0 /2

pm

zm

ln 
p
p0

" !
z
H

p " p0e!z#H

Because the pressure at a given height in the
atmosphere is a measure of the mass that lies above
that level, it is sometimes used as a vertical coordi-
nate in lieu of height. In terms of mass, the 500-hPa
level, situated at a height of around 5.5 km above
sea level, is roughly halfway up to the top the
atmosphere. !

Density decreases with height in the same manner
as pressure. These vertical variations in pressure and
density are much larger than the corresponding hori-
zontal and time variations. Hence it is useful to
define a standard atmosphere, which represents the
horizontally and temporally averaged structure of
the atmosphere as a function of height only, as shown
in Fig. 1.8. The nearly exponential height dependence
of pressure and density can be inferred from the fact
that the observed vertical profiles of pressure and
density on these semilog plots closely resemble
straight lines. The reader is invited to verify in
Exercise 1.14 at the end of this chapter that the cor-
responding 10-folding depth for pressure and density
is !17 km.

Exercise 1.3 Assuming an exponential pressure
and density dependence with H # 7.5 km, estimate
the heights in the atmosphere at which (a) the air
density is equal to 1 kg m!3 and (b) the height at
which the pressure is equal to 1 hPa.
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Fig. 1.8 Vertical profiles of pressure in units of hPa, density
in units of kg m!3, and mean free path (in meters) for the
U.S. Standard Atmosphere.

Wallace & Hobbs (2006)

Density and pressure decrease 
exponentially with height 


(Note the log scale in the figure)
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Pressure in the ocean

is usually measured in conjunction with other
seawater properties such as temperature,
salinity, and current speeds. The properties are
often presented as a function of pressure rather
than depth.

Horizontal pressure gradients drive the hori-
zontal flows in the ocean. For large-scale
currents (of horizontal scale greater than a kilo-
meter), the horizontal flows are much stronger
than their associated vertical flows and are
usually geostrophic (Chapter 7). The horizontal
pressure differences that drive the ocean
currents are on the order of one decibar over
hundreds or thousands of kilometers. This is
much smaller than the vertical pressure
gradient, but the latter is balanced by the down-
ward force of gravity and does not drive a flow.
Horizontal variations in mass distribution
create the horizontal variation in pressure in
the ocean. The pressure is greater where the
water column above a given depth is heavier
either because it is higher density or because it
is thicker or both.

Pressure is usually measured with an elec-
tronic instrument called a transducer. The accu-
racy and precision of pressure measurements
is high enough that other properties such as
temperature, salinity, current speeds, and so
forth can be displayed as a function of pressure.
However, the accuracy, about 3 dbar at depth, is
not sufficient to measure the horizontal pressure
gradients. Therefore other methods, such as the
geostrophic method, or direct velocity measure-
ments, must be used to determine the actual
flow. Prior to the 1960s and 1970s, pressure
was measured using a pair of mercury ther-
mometers, one of which was in a vacuum
(“protected” by a glass case) and not affected
by pressure while the other was exposed to the
water (“unprotected”) and affected by pressure,
as described in the following section. More
information about these instruments and
methods is provided in Section S6.3 of the
supplementary materials on the textbook Web
site.

TABLE 3.1 Comparison of Pressure (dbar) and Depth
(m) at Standard Oceanographic Depths
Using the UNESCO (1983) Algorithms

Pressure (dbar) Depth (m) Difference (%)

0 0 0

100 99 1

200 198 1

300 297 1

500 495 1

1000 990 1

1500 1453 1.1

2000 1975 1.3

3000 2956 1.5

4000 3932 1.7

5000 4904 1.9

6000 5872 2.1

Percent difference ¼ (pressure " depth)/pressure # 100%.
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FIGURE 3.2 The relation between depth and pressure,
using a station in the northwest Pacific at 41$ 53’N, 146$

18’W.

PRESSURE 31

In contrast, ocean pressure increases 
linearly with depth.


Parcels of water can also be defined 
as in air. 

Talley et al. (2008)
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Today

Define state variables


Introduce the equation of state
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Learning goals
Understand basic definitions of thermodynamics. 


Answer the questions:

What is an equation of state?


Why is the equation of state important
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Supplementary reading
Petty 


Chapters 2 and 3


Wallace and Hobbs 

Section 3.1


Ideal_Gas_Law_Derivation.pdf on Canvas
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A variable that describes the state of a 
system at any given time

You do not need information about 
the past or future of the system

State Variables

State variables: temperature (T), density (𝜚), pressure 
(p), volume (V)

Their changes are well-defined
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A variable that describes the transformation 
of a system between two states

They usually describe a path through 
time and/or space.


You need information about the past 
or future of the system

Process Variables

Process variables: heating (Q), work (W)

Their changes are not well-defined
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Process vs State Variables

State variables 

Only their initial and final values 
matter, so that 


And

∮C
dT = 0

Process variables 

They describe trajectories and 
process


And 

∮C
δQ ≠ 0

ΔT = T2 − T1 = ∫
T2

T1

dT Q = ∫ δQ

State variables can be written in 
terms of definitive integrals

Process variables can only be written 
in terms of indefinite integrals
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Process vs State Variables

ΔT = T2 − T1 = ∫
T2

T1

dT Q = ∫ δQ

State variables can be written in 
terms of definitive integrals

Process variables can only be written in 
terms of indefinite integrals

δQdT

Is the exact differential. It satisfies 
the integral above. 

Is the inexact differential. It satisfies 
the integral above. 
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Extensive vs intensive variables

Extensive variables 

Depends on the size of the system.


Examples: Mass, Volume

Intensive variables 

Do not depend on the size of the 
system.


Examples: density, temperature, 
pressure.


These are preferred in the 
geosciences. 
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Equation of State

An equation that describes the relationship between state variables

p = f(ρ, T)

Where f means function 
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Ideal Gases

A mixture of point particles that either don’t 
interact with each other or have perfectly 
elastic collisions.


To high accuracy, our atmosphere can be 
described via the use of the ideal gas law


The ideal gas law is the atmosphere’s 
equation of state. 
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Equation of state for the atmosphere

For dry air 
pd = ρdRdT

Partial pressure for water vapor

e = ρvRvT

Rd = 287J kg−1K−1

Dry gas constant

Rv = 461J kg−1K−1

Water vapor constant

Partial pressure for moist air

p = pd + e p = (ρdRd + ρvRv)T
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Equation of state for seawater 

ρ = ρ0 [1 − βT (T − T0) + βs (S − S0) + βp (p − p0)]

This is just an approximation. 
The equation that is used in 

ocean modeling is much more 
complicated!


